Abstract. We show that the renormalized volume of a quasifuchsian hyperbolic 3-manifold is equal, up to an additive constant, to the volume of its convex core. We also provide a precise upper bound on the renormalized volume in terms of the Weil-Petersson distance between the conformal structures at infinity. As a consequence we show that holomorphic disks in Teichmüller space which are large enough must have "enough" negative curvature.
1. Results
1.1.
Notations. In all the paper we consider a closed surface S of genus g ≥ 2, and we call T S the Teichmüller space of S. Given a complex structure c ∈ T S , we denote by Q c the vector space of holomorphic quadratic differentials on (S, c). We also call G S the space of quasifuchsian metrics on S × R, considered up to isotopy.
The Bers Simultaneous Uniformization Theorem provides a homeomorphism between T S∪S and G S . So G S is parameterized by T + × T − , where T + and T − are two copies of T S corresponding respectively to the upper and lower boundaries at infinity of S × R.
For q ∈ G, we denote by V R (q) the renormalized volume of (S × R, g) (as defined in Section 3 following e.g. [12] ), while C(q) is the convex core of (S × R, g) and V C (q) is its volume.
1.2.
Comparing the renormalized volume to the volume of the convex core. The first result presented here is a precise comparison between the volume of the convex core and the renormalized volume of a quasifuchsian hyperbolic manifold. Theorem 1.1. There exists a constant C g > 0, depending only on the genus g of S, as follows. Let q ∈ G S be a quasifuchsian metric. Then
where l is the measured bending lamination of the boundary of C(q), m is its induced metric, and L m (l) is the length of l with respect to m. Equality in the first inequality occurs exactly when q is Fuchsian.
Note that the the quantity V C (q) − (1/4)L m (l) appearing in this theorem can be interpreted as the half-sum of the volume and the "dual volume" of the convex core (as appearing e.g. in [11] ). Recall also that there is an bound on L m (l) depending only on the genus g, see [2] . Theorem 1.1 can be extended to convex co-compact manifolds with incompressible boundary. We do not elaborate on this here but the statement and proof of the extension should appear clearly from the proof of Theorem 1.1 below.
1.
3. An upper bound on the renormalized volume. The next result is a precise upper bound on the renormalized volume of a quasifuchsian manifold, in terms of the Weil-Petersson distance between its conformal structures at infinity. Theorem 1.2. For any quasifuchsian metric q on S × R,
where c − and c + are the conformal structure at infinity of q and d W P is the Weil-Petersson distance.
This result is related, through Theorem 1.1, to the following result of Brock on the comparison between the Weil-Petersson distance d W P (c − , c + ) and the volume of the convex core V C (q).
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We will recover a precise form of the upper bound on V C from Theorem 1.1 and Theorem 1.2. Recall that Bridgeman [2, Proposition 2] proved that the length of the measured bending lamination, L m (l), is bounded from above by a constant K g depending only on the genus of S. The following statement then follows immediately from Theorem 1.2 and Theorem 1.1. Corollary 1.4. There exists a constant K g depending only on the genus of S such that
This is a more precise version of the first inequality in (2).
1.4. Holomorphic disks in Teichmüller space. An interesting difference between Theorem 1.2 and Theorem 1.3 is that the renormalized volume has, in addition to the "coarse" properties of the volume of the convex core, some remarkable analytic properties related to the Weil-Petersson metric on Teichmüller space. We will use this and the upper bound on V C to obtain a statement on the global geometry of the Weil-Petersson metric on Teichmüller space, more precisely on the maximal radius of holomorphic disks with curvature bounded from below (see Theorem 1.5). The statement below is probably not optimal, it is more of an indication of the type of results one can obtain using the remarkable properties of the renormalized volume. 
The radius here is the radius of the metric induced on D by the Weil-Petersson metric on T S . The expression of the function φ can be obtained by solving a simple differential equation, see Section 6. This kind of statement is presumably most interesting close to the boundary of T S for the Weil-Petersson metric, where the sectional curvature tends to be close to 0 in many directions.
1.5.
From the boundary of the convex core to infinity. There is a clear parallel between data "at infinity" and corresponding data on the boundary of the convex core. The results presented here can be considered as clarifying a few items to this correspondence.
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Conformal changes of metrics
We gather in this short section some basic and well-known results on conformal changes of metrics on surfaces.
Lemma 2.1. Let h be a Riemannian metric on S, of curvature K. Let u : S → R, let h = e 2u h, and let K be the curvature of h. Then
Here ∆ is the "geometer's" Laplacian, that is, it is non-positive at the minima. The proof of this lemma can be found e.g. in [1, Section 1] Lemma 2.2. Let h be a hyperbolic metric on S, and let u : S → R be such that e 2u h has curvature K ≥ −1.
Proof. Let x ∈ S be a point where u is minimal. Then ∆u ≤ 0 at x, and K = e −2u (−1 + ∆u) ≤ −e −2u . Since K ≥ −1 it follows that u ≥ 0 at x.
The renormalized volume
3.1. Some background. Consider a Poincaré-Einstein manifold M , that is, a manifold M with boundary, with an Einstein metric g on the interior of M which can be written as
where ρ is a function which vanishes on ∂M with dρ g = 1 on ∂M . The volume of (M, g) is infinite, however there is a well-defined way to define a "regularized" version of this volume, called the renormalized volume of M , which is finite (see e.g. [8, 7] ). If the dimension of M is odd, it depends on the choice of a metric in the conformal class of the boundary of (M, g), while if the dimension of M is even it is canonically defined.
If M is a convex co-compact hyperbolic manifold, it is Poincaré-Einstein according to the definition above, so that the definition of its renormalized volume applies. The fact that the metric has constant curvature makes it possible to give an explicit description of the geometry of the leaves of an equidistant foliation, see [13] . Since the dimension is odd, this renormalized volume depends on the choice of a metric at infinity, however there is a canonical choice available for this metric: the unique metric of constant curvature −1 in the conformal class at infinity.
This renormalized volumes turns out to be strongly related to the Liouville functional previously studied by Takhtajan, Zograf and Teo [14, 15] , see [9] . In particular it has some remarkable relations to the Weil-Petersson metric on Teichmüller space. Moreover, there is a simpler definition specific to dimension 3. We recall below this definition and the key properties of this 3-dimensional renormalized volume in a form suitable for the applications considered here.
3.2.
Metrics at infinity and equidistant foliations. We now consider a quasifuchsian hyperbolic 3-manifold (M, g).
Definition 3.1. Let E be an end of M . An equidistant foliation in E is a foliation of a neighborhood of infinity in E by convex surfaces, (S r ) r≥r0 , for some r 0 > 0, such that, for all r ′ > r ≥ r 0 , S r ′ is between S r and infinity, and at constant distance r ′ − r from S r .
Two equidistant foliations in E will be identified if they coincide in a neighborhood of infinity. In this case they can differ only by the first value r 0 at which they are defined.
Note that given an equidistant foliation (S r ) r≥r0 and given r ′ > r ≥ 0, there is a natural identification between S r and S r ′ , obtained by following the normal direction from S r to S r ′ . This identification will be implicitly used below. Definition 3.2. Let M be a convex co-compact hyperbolic manifold, let E be an end of M , and let (S r ) r≥r0 be an equidistant foliation in E. The metric at infinity associated to (S r ) r≥r0 is the metric:
where I r is the induced metric on S r . Proposition 3.3. I * always exists, and it is in the conformal class at infinity of E. Let M be a convex co-compact hyperbolic manifold, let E be an end of M , and let h be a Riemannian metric in the conformal class at infinity of E. There is a unique equidistant foliation in E such that the associated metric at infinity is h.
This equidistant foliation can be defined from I * in terms of envelope of a family of horospheres, see [5] , we recall this construction here. Consider the hyperbolic space H 3 as the universal cover of M , then I * lifts to a metric on the domain of discontinuity Ω of M , in the canonical conformal class of ∂ ∞ H 3 . Let x ∈ Ω. For each y ∈ H 3 , the visual metric h y on ∂ ∞ H 3 is conformal to I * . Let H x,r be the set of points y ∈ H 3 such that h y ≥ e 2r I * at x -it is not difficult to check that H x,r is a horoball intersecting ∂ ∞ H 3 at x, and the lift of S r to H 3 happens to be equal to the boundary of the union of the H x,r , for x ∈ Ω.
3.3. Definition and first variation of W .
Definition 3.4. Let N ⊂ M be a convex subset. We define 
Definition 3.7. Let h be a metric on ∂M , in the conformal class at infinity. Let (S r ) r≥r0 be the equidistant foliation at infinity associated to h. We define W (M, h) := W (S r ) + 2πrχ(∂M ), for any choice of r ≥ 0.
This definition does not depend on the choice of r by Lemma 3.6.
3.4. Variational formula for W from infinity. Given an equidistant foliation of the end E, the hyperbolic metric q actually takes a remarkably simple form. It can be written as
where I * is the metric at infinity called h above, and II * and III * are analogs at infinity of the second and third fundamental forms of a surface. More precisely, there is a unique bundle morphism B * : T S → T S which is self-adjoint for I * and such that
Then B * satisfies the Codazzi equation d ∇ * B * = 0, where ∇ * is the Levi-Civita connection of I * , and an analog of the Gauss equation, tr (B * ) = −K * , where K * is the curvature of I * . Going back to the setting above of a convex subset N ⊂ M , the data at infinity I * , II * , III * can be written in terms of the data I, II, III on the boundary of N , and conversely. Using the transformation formulas, one can write the first-order variation of W in terms of the data at infinity, and it turns out to be remarkably similar to the variation formula (3) in terms of the data on ∂N .
3.5. The renormalized volume. We can now give the definition of the renormalized volume of M .
Definition 3.9. The renormalized volume V C of M is defined as the equal to W (h) when the metric at infinity h is the unique metric of constant curvature −1 in the conformal class at infinity of M .
Another possible definition is as the maximum of W (M, h) over all metrics h in the conformal class at infinity of M , under the condition that the area of h is equal to −2πχ(∂M ).
A variational formula for the renormalized volume. Proposition 3.10. Under a first-order deformation of the hyperbolic structure on M ,
Here , is the duality bracket, II * 0 is considered as the real part of a holomorphic quadratic differential, and therefore a vector in the cotangent bundle of T . The proof of this proposition will follow the next two lemmas.
Lemma 3.12. Let h, h ′ be two metrics in the conformal class at infinity on ∂M . Suppose that h ′ is everywhere at least as large as h. Let r be large enough so that both S h,r and S h ′ ,r are well-defined. Then S h,r is in the interior of S h ′ ,r .
Proof. We have seen above that S h,r can be defined as the boundary of the complement of the union of the horoballs associated to h of "radius" r at points of ∂M . Since h ′ is everywhere at least as large as h, the horoball associated to h ′ of radius r is at each point contained in the horoball associted to h of radius r. It follows that M h,r ⊂ M h ′ ,r . Definition 3.13. Let E be a hyperbolic end, let S, S ′ be two surfaces in E such that S is contained in the "interior" of S ′ . We set
It follows from this definition that if E is an end of M containing two surfaces S and S ′ with S contained in the interior of S ′ , if h is the metric at infinity in the conformal class at infinity on ∂M corresponding to S in ∂E and h ′ is another metric in the conformal class at infinity on ∂M , equal to h except that it corresponds to Proof. Choose a smooth one-parameter family of surfaces, (S t ) t∈[0,1] , with S 0 = S, S 1 = S ′ , and such that, for t ≤ t ′ , S t is contained in the interior of S t ′ . It is sufficient to prove that
with equality only if S t is stationary. Consider now a fixed value of t, and suppose that the normal first order deformation of S t is given by uN , where N is the unit exterior normal to S t and u is a non-negative function on S t . We know (see [10, Eq. (41) ]) that the first-order variation of W (S t ) is given by
where δH is the first-order variation of H and δI is the first-order variation of the induced metric. Now a direct and classical computation shows that δII = −Hess(u) + u(III + I) ,
Let k 1 , k 2 be the principal curvatures of S. Then
If we call W this quantity (which is related to the Willmore energy) we find that δW(S t ) = 1 4 St ∆u + 2u + uWda .
But the integral of ∆u is zero, while the other two terms are positive, and the result follows.
The proof of Proposition 3.11 clearly follows from this lemma. 
let h 0 be the hyperbolic metric in the conformal class at infinity of M . It follows from Lemma 2.2 that h gr ≥ h 0 at all points of ∂ ∞ M , and Proposition 3.11 therefore indicates that
4.2.
The lower bound on V R . The area of h gr is equal to −2πχ(∂M ) + L m (l). Therefore, the metric
h gr has area equal to −2πχ(∂M ), which is equal to the area of h 0 . Since V R (M ) is the maximum over W (M, h) for h a metric in the conformal class at infinity of area equal to the area of h 0 (see [10, 12] ) we find that
It is also known that, if M has incompressible boundary, then L m (l) ≤ C(M ). It follows that
where C ′ (M ) is a constant which can easily be explicitly computed in terms of C(M ) and of χ(∂M ). This concludes the proof of Theorem 1.1.
Proof of Theorem 1.2
5.1. The Bers embedding. We recall here a the basic setup of the Bers embedding. We consider a quasifuchsian hyperbolic 3-manifold M ≃ S × R, denote by c + and c − the complex structures at +∞ and −∞, respectively, and by σ + and σ − the complex projective structures at infinity. We also call σ F + , σ F − the Fuchsian complex projective structures with underlying complex structures c + , c − on S. We can then define two holomorphic quadratic differentials
where the minus sign refers to the comparison of two complex projective structures on a given Riemann surface using the Schwarzian derivative, see [4] .
Then, if q is the holomorphic quadratic differential on (∂M, c) corresponding to q ± on the corresponding boundary component of M , we have (see [10, Lemma 8.3] )
, that is, the real part of q is minus the traceless part of the second fundamental form at infinity.
We now fix the conformal structure c − on the lower boundary at infinity of M , and vary c + . Each choice of c + determines a complex projective structure σ − on the lower boundary at infinity of M , and therefore a holomorphic quadratic differential q − ∈ Q c− . This defines a map B + : T + → Q c− , called the Bers embedding.
Using the hyperbolic metric h − in the conformal class of c − , we can measure at each point of S the norm of q − . We call Q 
where q(t) is the holomorphic quadratic differential equal to the Schwarzian differential of the identity between the Fuchsian complex projective structure obtained from Riemann uniformization from c(t), and the quasifuchsian complex projective structure obtained by applying the Bers double uniformization theorem to (c − , c(t)). The inequality in Corollary 5.2 shows that for all t ∈ [0, d],
and the statement follows.
The size of almost flat holomorphic disks
In this section we prove Theorem 1.5, giving an upper bound on the radius of holomorphic disk in T S which are flat enough. The proof is based on a well-known upper bound on the curvature of g W P and on two key properties of the renormalized volume, as collected in the next lemma. (1) q has negative curvature,
Proof. The first point follows from the fact that the Weil-Petersson metric on T S has negative sectional curvature [16] and from the Gauss formula, which indicates that the curvature of a holomorphic disk in a Kähler manifold is at most equal to the sectional curvature of the ambiant metric on its tangent space. The second point follows from Proposition 3.10 and from Corollary 5.2. For the third point recall that the renormalized volume V R (c − , ·), considered as a function on T S , is a Kähler potential for the Weil-Petersson metric on cT S , see e.g. [14, 15, 10, 12] . In other terms:
But the restriction of ∂∂ to D is ∂∂, so equal to −(1/4)∆ q , where ∆ q is the Laplace operator of (D, q). • the radius of (D, q) is φ(δ),
Then there is a point x ∈ D where du q ≥ δ.
The precise value of the function φ can be obtained by solving a differential equation.
Proof. For r ∈ (0, R] the geodesic disk B(r) of center c 0 and radius r is convex. We denote by A(r) its area, by L(r) the length of its boundary, by κ(r) the total curvature of its boundary, and by K(r) the mean of its curvature. By definition, K(r) ∈ [−1, 0] for all r ∈ (0, R]. Moreover: So y(r) ≥ y 0 (r), where y 0 is the solution vanishing at 0 of the equation obtaining by taking the equality in (5). Let u(r) be the mean of u over ∂B(r). Then
∆ q uda = A(r) L(r) = y(r) .
It follows that there exists a point at distance r from c where ∂u/∂r ≥ y(r), and therefore where du q ≥ y(r) ≥ y 0 (r).
The lemma follows, with φ equal to the reciprocal of y 0 . Then there is a point x ∈ D where du q ≥ δ.
Proof. The statement is obtained by scaling the metric q by a factor k 2 and the function u by a factor k 2 /∆ 0 in Lemma 6.2. 
